It is controversial what is the true role of entanglement in two-photon virtual-state spectroscopy [Saleh et al, Phys. Rev. Lett. 80, 3483, 1998], a two-photon absorption spectroscopic technique that can retrieve information about the energy level structure of an atom or a molecule. The consideration of closely related techniques, such as multidimensional pump-probe spectroscopy [Roslyak et al, Phys. Rev. A 79, 063409, 2009] suggests that spectroscopic information might also be retrieved by using uncorrelated pairs of photons. Here we show that this is not the case. In the twophoton absorption process, the ability to obtain information about the energy level structure of a medium depends on the spectral shape of existing temporal (frequency) correlations between the absorbed photons. In fact, it is a combination of both, the presence of frequency correlations (entanglement) and its specific spectral shape, which makes the realization of two-photon virtual-state spectroscopy possible. This result helps for selecting the type of two-photon source that needs to be used in order to experimentally perform the two-photon virtual-state spectroscopy technique.
Introduction
The process of two-photon absorption (TPA), the light-induced transition between two energy levels of a medium mediated by the absorption of two photons, is a building block of some technologies aimed at probing the structure of atoms and molecules, such as two-photon microscopy [1] and two-photon spectroscopy [2] . In particular, nonlinear two-photon spectroscopy has become an invaluable tool [3] , where the capability of TPA is exploited to obtain information about a sample that would not be accessible otherwise.
With the advent of light sources that generate entangled photon pairs [4] , new phenomena in TPA processes have been unveiled. The linear dependence of the two-photon absorption rate on the photon flux [5] , two-photon induced transparency [6] , virtual-state spectroscopy [7, 8] and the selectivity of double-exciton states of chromophore aggregates [9] are effects that have been attributed to the presence of entanglement. However, the link between entanglement and the new effect observed is sometimes blur. So, might not be the ultimate cause of some of these effects an accompanying characteristic unrelated to its entangled nature? This is the case of certain effects that, when first described, were attributed to the existence of frequency entanglement between pairs of photons. For instance, Nasr et al. [10] demonstrated a new scheme, based on entanglement, to erase effects due to second-order chromatic dispersion in optical coherence tomography, thus increasing the resolution of the system. Later, the work in [11] showed that by appropriately introducing a phase conjugator element in the optical coherence tomography scheme, which produces a Gaussian-state light source with frequency anti-correlation, a similar effect could be achieved. In dispersion cancelation, an effect that is observed in the temporal domain, namely the broadening of the second-order correlation function of paired photons propagating in two different optical fibers, it was shown that it can be suppressed, provided that the group velocity dispersion parameters of both fibers are identical but opposite in sign, and that the photons are entangled [12, 13, 14] . However, it has been recently demonstrated that such effects could also be produced by frequency-correlated photons, which nonetheless might be non-entangled [15, 16] .
Remote temporal modulation [17, 18] , a similar effect to the dispersion cancelation described above, but observed in the frequency domain, describes the appearance of new frequency correlations when entangled paired photons are synchronously driven by two temporal modulators. In a similar manner to dispersion cancelation, if the two identical modulators are driven in opposite phases, their global effect is to negate each other, and the spectral correlations appear as those when no phase modulators are present. Again, it has been shown [16] that entanglement is not a requisite, and that the same effect can be observed using non-entangled optical beams bearing certain frequency correlations. All these examples illustrate the fact that the presence of entanglement is not the key enabling factor that allows the observation of dispersion cancelation and remote temporal modulation, but the existence of certain frequency correlations, a characteristic that takes place along the presence of entanglement, but it can also manifest without it.
In this paper, we consider one important spectroscopic application whose capabilities have been associated to the use of entangled photon pairs, namely twophoton virtual-state spectroscopy. The importance of this technique resides in the fact that, unlike commonly used two-photon absorption spectroscopy techniques, where pulsed and tunable sources are required, it is implemented by carrying out continuouswave absorption measurements without changing the wavelength of the source [7, 8] . Unfortunately, this technique has not been broadly applied because the ease with which it can be performed is limited by the low efficiency of spontaneous down conversion in nonlinear crystals. However, with the advent of ultrahigh flux sources of entangled photons [19] , this technique may open new research directions towards ultrasensitive detection in chemical and biological systems [20, 21] .
The absorption of two photons by an atom or a molecule induces a transition between two of its energy levels that match the overall energy of the incident photons. The quantum mechanical calculation of the TPA transition probability shows that its value can be understood as a weighted sum of many energy non-conserving atomic transitions (virtual-state transitions) [22, 23] between energy levels. Then, the virtualstate transitions, a signature of the medium, can be revealed experimentally by introducing a delay between the two absorbed photons, and averaging over different experimental realizations with different temporal correlations between the photons [7] . Can we retrieve the sought-after information (energy level structure) with any type of frequency correlations between the photons? It has been suggested that spectroscopic information resident in the TPA signal in multidimensional pump-probe spectroscopy [24] is essentially the same, regardless of the existence or not of correlations between the photons absorbed. As stated recently in [9] , it remains however an open question, to what extent these effects constitute genuine entanglement effects and whether they can be reproduced, for instance, by shaped or stochastic classical pulses.
To unveil the true role of entanglement in virtual-state spectroscopy, we make use of two ingredients. First, we apply a full quantum formalism to the two-photon state, so we can identify clearly the amount of entanglement existing between the photons. Secondly, we consider a general form of the two-photon state, which allows us to consider different types of correlations and spectral shapes of the photons.
We will show that the presence of entanglement does not guarantee the successful retrieval of spectroscopic information of the medium. In fact, it is the combination of entanglement and a specific shape of the frequency correlations between photons what makes the realization of two-photon virtual-state spectroscopy possible. This result is of great interest because it specifies the type of two-photon source that needs to be used in order to experimentally perform the two-photon virtual-state spectroscopy technique.
Light-matter interaction
Let us consider the interaction of a medium with a two-photon optical field |Ψ , described by the interaction HamiltonianĤ I (t) =d (t)Ê (+) (t), whered (t) is the dipole-moment operator andÊ (+) (t) is the positive-frequency part of the electric-field operator, which reads asÊ (+) (t) =Ê
(t). The electric field operatorsÊ
(t) can be written aŝ
where c is the speed of light, ǫ 0 is the vacuum permittivity, A is the effective area of the field, andâ (ω j ) is the annihilation operator of a photonic frequency-mode with frequency ω j bearing a specific spatial shape and polarization which, for the sake of simplicity, are not explicitly written.
The medium is initially in its ground state |g (with energy ε g ). The probability that the medium is excited to the final state |f (with energy ε f ), through a two-photon absorption process, is given by second-order time-dependent perturbation theory as [25] 
with
where |Ψ f denotes the final state of the optical field. Equation (3) can be expanded in terms of virtual-state transitions, to obtain
where D (j) = f |d |j j|d |g are the transition matrix elements of the dipole-moment operator. Equation (5) shows that the excitation of the medium occurs through intermediate states |j , with complex energy eigenvalues ε j − iκ j /2, where κ j takes into account the natural linewidth of the intermediate states [26] . Also, we can write Eq. (4) as
where we have kept the terms in which only one photon from each field contributes to the overall two-photon excitation. The first term of Eq. (6) corresponds to the case in which the photon fieldÊ Since we are interested in a two-photon absorption process, we consider the initial state of the optical field as an arbitrary two-photon state, which can be written as [27] 
where s and i stand for signal and idler photonic modes, ν j = ω j − ω 0 j (j = s, i) are the frequency deviations from the central frequencies ω 0 j , and Φ (ν s , ν i ) is the joint spectral amplitude, or mode function, which fully describes the correlations and bandwidth of the two-photon state.
Finally, to quantify the degree of entanglement between the absorbed photons, we make use of the entropy of entanglement, defined as [28] 
where λ i are the eigenvalues of the Schmidt decomposition of the joint spectral amplitude, i.e., Φ (ν s ,
, with f and g corresponding to the Schmidt modes. It is worth remarking that the lack of entanglement between the pair of photons is characterized by a value of the entropy equal to zero.
Two-photon absorption transition probability
With the aim of recognizing in which situations virtual-state spectroscopy can be performed, we will compute the TPA transition probability of atomic hydrogen using different types of initial two-photon states. We have selected atomic hydrogen as model system, because it has been used in previous studies of virtual-state spectroscopy [25, 7] and it has been the subject of several one-and two-photon absorption experiments [29, 30, 31, 32] . In our calculations, we will focus on the 1s → 2s two-photon transition. Due to quantum number selection rules [31] , this transition takes place via intermediate p states: 1s → {2p, 3p, ..., np} → 2s, which are coupled to the s states by real-valued transition matrix elements. The hydrogen atom energy levels are ε n = −13.6/n 2 eV (n = 1, 2, 3, ...) and the natural linewidths of intermediate states κ j are taken from Refs. [29, 31] . We assume the condition ε f − ε g = ω 0 s + ω 0 i , and that the final state 2s is Lorentzian broadened with a radiative lifetime 1/κ f = 122 ms [30] , which is introduced in the model by averaging the TPA transition probability over a Lorentzian function of width κ f [26] .
TPA transition probability with uncorrelated classical pulses
Let us consider first the case that has been studied in Ref. [24] . It corresponds to the situation in which the two absorbed photons are embedded into rectangular-shaped pulses of the same duration T p , with a tunable time delay τ between them. This initial optical field can be represented by an uncorrelated two-photon state described by the normalized mode function
With the state given by Eq. (9), and making use of Eqs. (2), (5) and (6), we can write the TPA transition probability as
where
For the sake of simplicity, we have assumed the condition ω
We have computed the TPA transition probability for different values of T p and τ . In all cases, it turns out be constant as a function of the delay (τ ) between the pulses, when τ < T p , which implies that a Fourier analysis with respect to τ would result in only one peak centered at zero-frequency, meaning that spectroscopic information about intermediate levels of the medium is not present in the TPA signal.
From these results one can infer that when frequency correlations between the photons are not present, spectroscopic information about energy levels is not available. This implies that virtual-state spectroscopy cannot be performed by means of two delayed rectangular-shaped classical pulses, which is in contradiction with the results presented in section VI of ref. [24, 33] .
TPA transition probability with classically frequency-correlated photons
In this section, we explore the case in which the two absorbed photons are frequencycorrelated but they are nonetheless non-entangled. To this end, we make use of the theory presented by Mollow in [26] and rewrite the TPA transition probability [Eq. (2)] as
where L(t 2 , t 1 ) = Θ (t 2 − t 1 ) Md (t 1 , t 2 ), with Θ (t) being the Heaviside step function. Here, G (2) corresponds to the second-order field correlation function, which is defined in terms of the density operatorρ of the optical field as
where Tr [...] stands for the trace over the field states.
To compute the second-order correlation function, we consider a classicallycorrelated two-photon state described by a density operator of the form
with ω 0 being the central frequency of the photons and Φ (ν, −ν) the mode function that describes the frequency correlations between them.
By using Eq. (15) we find that the second-order correlation function of the classically correlated photons is given by
Notice that the presence of the norm of the mode function cancels out the phase difference introduced by the delay τ [see Eqs. (9), (17) and (20)]. Consequently, the TPA transition probability does not depend on the delay between the photons, which implies that when using non-entangled frequency-correlated photons, spectroscopic information about intermediate levels of the medium is not available in the TPA signal.
TPA transition probability with entangled photons
In view of the previous results, and the ideas and calculations presented originally in [7] , it naturally arises the question if the presence of a high-degree of frequency entanglement between the photons is the key ingredient that allows to access information about the energy level structure of a medium by means of two-photon virtual-state spectroscopy. In what follows, we will show that the use of highly entangled photons does not guarantee the successful retrieval of spectroscopic information of the medium. Rather, the use of a specific spectral shape of the frequency correlations is what makes the realization of two-photon virtual-state spectroscopy possible, even when quasi-uncorrelated paired photons (low degree of entanglement) are considered.
3.3.1. Two-photon state with a Gaussian spectral shape In general, a two-photon state with tunable frequency correlations, and consequently tunable degree of entanglement, can be generated by means of type-II Spontaneous Parametric Down Conversion (SPDC), where two photons with orthogonal polarizations are generated in a secondorder nonlinear crystal of length L, when pumped by a Gaussian pulse with temporal duration T + . After the crystal, signal and idler photons interchange their polarization and traverse a similar crystal of length L/2. After the addition of a tunable delay τ between the photons, and restricting their spectrum using a Gaussian filter, the normalized mode function reads as
where the tuning of the frequency correlations, and the degree of entanglement, between the photons [35] .
The frequency correlations of the down-converted photons can be tuned by carefully selecting the values of T + and T − . Figures 1(a) to 1(c) show the joint probability distribution of the two-photon state S (ν s , ν i ) = |Φ (ν s , ν i )| 2 , which measures the probability of detecting a signal photon of frequency ω Fig. 1(a) ] (ν s ∼ −ν i ) are obtained when T + ≫ T − , whereas for T + ≪ T − , we obtain frequency correlated photons [ Fig. 1(c) ]. In the particular case when T − = 2T + , frequency uncorrelated pairs of photons [ Fig. 1(b) ] are generated. Figure 1(d) (red dashed line) shows the dependence of the entropy of entanglement with T − for a fixed value of T + , for a mode function of the form given by Eq. (17) .
Using the initial two-photon state described by Eq. (17), we find that the TPA transition probability is given by
where η (j) = ∆ (j) − iκ j /2, with the energy mismatch given by ∆ (j) = ε j − ε g − ω 0 , and the function F defined as
We have computed the TPA transition probability as a function of the delay between photons considering states bearing different types of correlations, particularly for uncorrelated and anti-correlated pairs of photons. As previously obtained, in the case of uncorrelated photons, the TPA signal is constant with the delay τ , so no spectroscopic information about intermediate levels is available.
Surprisingly, in the case of anti-correlated photons, the TPA transition probability is also constant with the delay τ , which means that information about the energy level structure of the medium cannot be retrieved from the TPA signal either. This result is of great interest since it tells us that the use of a source of paired photons with entanglement does not guarantee the successful retrieval of such information. We need to consider another property of the two-photon state that is needed in order to perform virtual-state spectroscopy, namely a specific spectral shape of the frequency correlations.
3.3.2. Two-photon state with a Sine cardinal spectral shape Fortunately, two-photon states with a Gaussian shape, which require a strong filtering of the pair of photons [36] , are not naturally harvested in SPDC. By considering a more realistic shape of the mode function, we will show that two-photon virtual-state spectroscopy can retrieve the sought-after information about the energy level structure under a great variety of circumstances.
As in the previous section, we consider a type-II SPDC process where an additional nonlinear crystal of length L/2 is used to achieve group velocity compensation. By introducing a tunable delay τ between the photons, without restricting their spectrum, the normalized mode function is written as
The entropy of entanglement of the two-photon state described by Eq. (20) is shown in Fig. 1(d) (blue solid line) . Notice that in this case, due to the presence of the sine cardinal function, only quasi-uncorrelated photons can be generated. We now make use of the initial two-photon state described by the mode function given in Eq. (20) to write the TPA transition probability as Delay (fs) Transition probability Figure 2 . Transition probability as a function of the delay τ for anti-correlated photons (T − = 2 ps). Pump pulse duration: T + = 10 ps. Y-axis in logarithmic scale.
where Figure 2 shows the TPA transition probability as a function of the delay between the pulses. Notice the nonmonotonic behavior of the TPA transition probability for anti-correlated photons. This means that spectroscopic information is contained within the TPA signal, which might be related to the energy level structure of the medium. In order to retrieve this information, we follow [7] and perform an average of Eq. (21) over a range of values of T − to obtain the weighted-and-averaged TPA transition probabilitȳ
To experimentally perform the average in Eq. (22), a set of experiments with different values of T − are needed. Fortunately, parameter T − can be tuned over a relatively broad range by using different methods, depending on the system configuration. For instance, in type-I SPDC (parallel-polarized photons), changing the width of the pump beam modifies the value of T − [37] , whereas in type-II, T − is linearly proportional to the crystal length [38] , so a proper set of wedge-shaped nonlinear crystals might be used.
Provided that T ≫ 1/ ∆ (j) − ∆ (k) , to eliminate unwanted terms at intermediate frequencies, a straightforward Fourier analysis of Eq. (22) reveals the curve shown in Fig. 3 . We see that peaks emerge from the Fourier transform of the weighted-andaveraged TPA transition probability, whose locations determine the energy mismatch of the intermediate states: 5.1, 6.98, 7.65, 7 .95, and 8.12 eV. With these values and the definition of the energy mismatch, we obtain the virtual-state energy values: −3.40, Figure 3 . Fourier transform of the normalized weighted-and-averaged TPA transition probability as a function of the energy mismatch ∆ (j) . The delay range considered is 0 ≤ τ ≤ 2 ps, with an integration time of 2 ≤ T − ≤ 10 ps. Y-axis in logarithmic scale. −1.51, −0.85, −0.54, and −0.37 eV. These energy values can be readily identified with n = 2, 3, 4, 5, 6 corresponding to the 2p, 3p, 4p, 5p, and 6p states, respectively. In obtaining Fig. 3 , we have computed the average over T − with a time step δT − = 3 fs. However, one can obtain the same results using a larger time step (up to 60 fs) to reduce (by an order of magnitude) the amount of experiments that are needed to calculate the weighted-and-averaged TPA transition probability.
To get a clearer picture that two-photon virtual-state spectroscopy depends on the quantum interference from different contributions of intermediate-state transitions with a specific spectral shape, let us consider a simpler, even though ideal, case where a single intermediate quantum state (3p, 4p or 5p) is present [36] . Figure 4 shows the two-photon transition probability as a function of the delay τ for a fixed value of T − and T + , considering three different intermediate states. Notice that in the case of an entangled two-photon state bearing a Gaussian mode function [ Fig.  4(a,b) ], and an uncorrelated two-photon state [ Fig. 4(e,f) The physical reason why two-photon states with similar degree of entanglement, but different spectral shape, give rise to such contrasting results comes from the fact that TPA probabilities are significantly affected by the shape of the two-photon mode function, as it has been shown, for instance, in Ref. [36] . By increasing the time difference between the absorbed photons, i.e., increasing T − or τ , one would expect a monotonic decay of the TPA signal, which is precisely what is observed with a Gaussian spectral shape. Surprisingly, when considering a sine cardinal spectral shape (rectangular in the time domain), one can find values of T − and τ where TPA is no longer observed, a phenomenon called entanglement-induced two-photon transparency [6] . In two-photon virtual-state spectroscopy, we benefit from this behavior to extract information about the energy level structure of the medium under study.
It is worth remarking that the particular choice of the pump duration T + does not modify the presented results, since its value does not affect the way in which contributions from different intermediate levels interfere [see Eq. (21)]. Additionally, we highlight the fact that the same information as the one depicted in Fig. 3 can also be obtained when quasi-uncorrelated photons (T − = 40 ps) are used, meaning that virtual-state spectroscopy can also be performed even with a low degree of entanglement between the photons. This low degree of entanglement, however, results in a lower TPA transition probability [see Eq. (21)], which might affect the signal-to-noise ratio of an experimentally measured TPA signal. This highlights the role of the particular spectral shape of the paired photons used in two-photon virtual-state spectroscopy. While a proper spectral shape of the photons guarantees a successful realization of this technique, the degree of entanglement controls the strength of the TPA signal that is measured.
Conclusions
We have shown that virtual-state spectroscopy cannot be performed by means of two uncorrelated rectangular-shaped classical pulses, contrary to what it is suggested in Ref. [24] . Also, we have shown that non-entangled frequency-correlated two-photon states exhibit no dependence of the transition probability on the temporal delay, so they are useless for performing virtual-state spectroscopy. This implies that, in order to extract information about the energy levels of a medium, one has to make use of two-photon states bearing nonclassical frequency correlations. Interestingly, we have found that more important than the degree of entanglement present, it is the specific spectral shape of these correlations which allows one to perform two-photon virtual-state spectroscopy. We have demonstrated that while entangled states with a Gaussian spectral shape and a high degree of entanglement cannot be used to perform virtual-state spectroscopy, surprisingly, entangled two-photon states with a sine cardinal spectral shape and a very low degree of entanglement can be used instead.
The results presented here help to identify clearly which types of two-photon sources can be used to experimentally implement virtual-state spectroscopy. By clarifying the role of entanglement, we have found that even paired photons with a low degree of entanglement, but with the appropriate sine cardinal spectral shape, guarantee the successful realization of virtual-state spectroscopy. This implies that entanglement by itself is not the key ingredient to experimentally perform virtual state spectroscopy.
Finally, this work is also part of a greater research effort devoted to identifying what physical effects necessarily require the presence of entanglement to be observed. Entanglement is a special type of correlation which exists between two parties, i.e., two photons. However, photons can show different types of correlations without entanglement. When a certain effect is observed making use of entangled photons, it might happen that this effect could also have been observed with non-entangled photons, provided that the enabling factor is a specific characteristic of the correlations that is shared between entangled and non-entangled beams of photons. Therefore, it becomes of fundamental relevance to determine whether certain effects are due to the existence of entanglement or to another accompanying characteristic that can exist without its presence.
For instance, in sum-frequency generation (SFG), the flux of generated photons increases with the bandwidth of the incoming fundamental photons [19] . The bandwidth of the absorbed photons can be made extremely large with appropriately engineered SPDC sources [39] , which at the same time produces entangled photons with an extremely large degree of entanglement. However, the dependence of the flux rate on the bandwidth applies as well to classical pulses. What it is unique to entangled photons is the linear dependence of the rate on the number of fundamental photons [19] . Paired photons produced in SPDC can also be used to calibrate detectors [40] . In this case, the key enabling factor is the presence of two photons, since SPDC generates necessarily photons in pairs, but not their frequency-entangled nature. When one photon is detected and the other is not, we can infer that this is due to the inefficiency of the detectors. Therefore, by taking the number of photons detected in each detector, and the coincidence counts of paired photons detected in both detectors, we are able to measure the efficiency of each detector. Finally, several protocols proposed for spectroscopy [41] also make use of frequency correlations between photons rather than entanglement. This is closely related to the demonstration of the possibility to use thermal (or pseudothermal), and thus non-entangled, radiation for two-photon imaging experiments [42] . As it was demonstrated in [15] , entangled and non-entangled sources can show strikingly similar behaviors when traversing the same optical system, characterized by a particular transfer function, provided that certain properties of the frequency correlations between photons are the same for both sources.
